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CORINGS OVER RINGS WITH LOCAL UNITS 


L. EL KAOUTIT 

Abstract. We show that the bicategory whose 0-cells are corings over rings with local 
units is bi-equivalent to the bicategory of comonads in (right) unital modules whose un¬ 
derlying functors are right exact and preserve direct sums. A base ring extension of a 
coring by an adjunction is introduced as well. 


1. Introduction 

Corings over rings with identity have been intensively studied in the last years. A 
detailed discussion can be found in [8] . It is well known that any coring entails a comonad 
(i.e., cotriple) in the category of right modules over the base ring. The converse is also 
true for the case of coalgebras, taking functors which are right exact and preserve direct 
sums, as was checked in m- Thus, the categorical study of corings and their comodules 
is entirely linked to the study of certain comonads and their universal cogenerators (see 
m) in non necessarily monoidal categories. For instance, many new examples of corings 
can be built using earlier constructions in comonads theory (e.g. the distributive laws of 
J. Beck 0 ). or just by considering comonads with a special cogenerator. 

In this paper, we study these relationships in the context of corings over rings with local 
units in the sense of 00. This class of rings arose naturally in the definition of inhnite 
comatrix corings, see [I3], [I9] and [9]. 

In what follows an additive covariant functor is said to be continuous if it is right exact 
and preserves direct sums. 

The paper is organized as follows. Section [5] is rather technical, and it is devoted to 
introduce a 2-category with objects (0-cells) comonads in Grothendieck categories, using 
earlier results from m- In Section [3], we extend a result of Watts [3l] to the case of rings 
with local units (Lemma 13.3p . and use this to prove that each comonad induces a coring 
whenever its underlying functor is continuous (Proposition [33]). In Section H] we establish a 
bi-equivalence between the bicategory of unital bimodules and the bicategory whose 0-cells 
are rings with local units and having the categories of continuous functors over unital right 
modules as Hom-Categories (Proposition 14.11 compare with [201 Proposition 2.1]). We, 
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then, deduce an equivalence of categories between the category of corings over a fixed ring 
with local units and the category of comonads in right unital modules whose underlying 
functors are continuous fCorollary 14.31) . Lastly, we derive a bi-equivalence between the 
bicategory of all corings over rings with local units and the bicategory of comonads in 
right unital modules with continuous underlying functors 1 Theorem 14.6p . The left version 
of these results is similarly obtained and will not be considered. In Section [5] we apply 
results from Sections[2]and[3]to introduce a base ring extension of a coring by an adjunction. 

Throughout IK denotes a commutative ring with identity 1. 


2. Review on the 2-category of comonads 

In this section we observe that Grothendieck categories form a class of objects (0-cells) in 
a 2-category whose 1-cells are continuous functors. These will be needed to introduce the 
2-category of comonads using the formalism of [21]. For general definitions of bicategories 
and their homomorphisms we refer the reader to the fundamental paper [6]. 


Recall from m that a comonad (or cotriple) in a category ^ is a three-tuple 
consisting of a functor F : A ^ A and natural transformations : F{—) —>• F o F{—) = 
F^{—), : F{—) —»• such that 

(2.1) F (-) -- ~ F ^-) F(-)- 



are commutative diagrams. It is well known from [22] that any adjunction S : B - " A : T 

with S left adjoint to T (notation S -\ T) induces a comonad (FT, SrjT, C) -^i where 
rj : zdg —> TF and ( : ST —>■ id_A are, respectively, the unit and the counit of this adjunc¬ 
tion. Using the terminology of Proposition 2.1], we say that the adjunction F H T 
cogenerates the comonad {ST, SrjxX)- Now, the dual version of [HJ Theorem 2.2] asserts 
that for any comonad (T, 6, in A, there exists a universal cogenerator, that is, a category 
A^ and an adjunction : A^ < ' A : T^ cogenerating (T, 6, with the following uni¬ 
versal property: If F : R < " : T is another cogenerator of (F, S,^), then there exists 

a unique functor L : B ^ A^ such that S^ o L = S and L o T = T^. The objects of A^ 
are referred to as comodules, they are pairs {X, d^) consisting of an object X ^ A and a 
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morphism : X ^ F{X) in A such that 



are commutative diagrams. A morphism in is a morphism / : X —^ A' in where 
(X, d'^), {X',d^') ^ such that 


(2.3) 


X 

F{X) 


Fif) 


X' 

dX' 

F{X') 


is a commutative diagram. The functor is then the forgetful functor S^{X, d^) = X for 
every comodule (X, d^), and the functor is dehned by T^{Y) = (F(F),(5y), T^{f) = 
F{f) for any object Y and morphism / of A. 

Given {F,S,0 ^ comonad in A, the Kleisli [23] category Ak, is dehned as follows. The 
objects of Ak are the same as those of A. For each pair of objects Y, Y', the morphism 
set is dehned by 

Hom^^(F,r) := Hom^(F(y), F')- 

The composition law and identities are canonically derived using <5 and As was proved in 
[23] . there is an adjunction S : Ak < ^ A : T cogenerating (F, d, ^), where S{Y) = F{Y) 

and S{f) = F{f) o dy for any object Y and morphism / of Ak, and T(X) = X, T{g) = 
^x' o F{9) for any objects X, X' and morphism g' : X —X' of The unique factorizing 
functor is given as follows. The adjunction H gives a natural isomorphism 

Hom^^(X,X') = Hom^.(r^(X),r^(X')), 

which dehnes a functor L : Ak A^ by T(X) = T^(X) = (F(X),(fx), for any object 
X G Ak, and L{f) = F{f) o 6x ■ F{X) —> F(X'), for any morphism / G Hom_ 4 ^(X,X'). 
Clearly L o T = T^, o L = S, and L is a fully faithful functor. 


Lemma 2.1. Consider an adjunction S : A < ' B -.T , S T with unit rj : id_A TS 

and counit (j : ST —>• idjg together with {F,6,0 ® comonad in A. Then 

(1) [S' H T] (F, (5, (^) := {SFT, SFgpT ° S6 t, C ° S'^t) is a comonad in B. 

(2) There is a functor S : A^ —> ^sft 

(X,d^) ^ (^F(X),d^fo) = SFgx o Sd^^ , 
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Proof. (1) This is [22l Theorem 4.2], 

(2) It is clear that we have an adjunction 

SoS^ 

T^oT 

with S o o T which cogenerates the comonad {SFT, SFr]FT ° SStX o S^t)- 

Following the proof of the dual version of m Theorem 2.2], we obtain that the stated 
functor is the well known unique factorization functor. □ 


Following [3], a morphism between two comonads {F,6,0 and {F',6',f') in a category 
^ is a natural transformation <F_ : F{—) F'{—) which turns commutative the following 

diagrams 


(2.4) 


F{-) 

(S_ 

FH-) 


<!>_ 


F'(-) 

< 5 ' 




F(-) 
«- 


(Fn-) ^dA-) 


F'i-) 
i'- 

idA-)^ 


where p(*h)- is the natural transformation dehned by 

(2.5) := F'^_ o <Ff(_) = o F<F_. 

Given a morphism of comonads $ : F —> F', we have an induction functor 

(-), - ~AF 

dehned by (X, d^)q, = (X, <I)x o d^) for any (X, d^) G and the identity on morphisms. 


Example 2.2. Let {FAA) b® any comonad in a category A. Clearly A- F —>■ idj^ is 
morphism of comonads, where idj\, is endowed with a trivial comonad structure. If we 
consider any adjunction S : A < ' B ; T with S -\ T and [S H T]{F, 6, A fh® associated 
comonad of Lemma [2Tl then we can easily check that S^t '■ SFT ST is also a morphism 
of comonads in B, where {ST, SrjF, C) is the comonad cogenerated by S' H T. 


Next, we are going to look at the case in which certain comonads and their morphisms 
form a set-category and try to interpret the above constructions by means of functors 
between those categories. The following dehnition makes sense after m Lemma 5.1], 
where it was proved that, over Grothendieck category, natural transformations between 
continuous functors form a set. 


Definition 2.3. Let .4. be a Grothendieck category. We dehne the category of comonads in 
A and denote it by .4. —comonad, as the category whose objects are comonads {F, S,f) in A 
with F : A ^ A a. continuous functor (thus it also preserves inductive limits); and whose 
morphisms are natural transformations satisfying the commutativity of the diagrams 02.41) . 
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With this dehnition we can give an elegant restatement of Lemma F2.1f l). 


Proposition 2.4. Let A and B be two Grothendieck eategories together with an adjunction 
S ; A < ^ B : T , S -\ T whose unit and counit are, respectively, rj : id_A ^ TS and 

( : ST —>• idi 3 - Assume that S and T are continuous functors. 

(1) The assignment of Lemma \2.1\f l ) 




\S H TKt) = [Sir : SFT SF'T] 


defines a functor [S' H T] : A — comonad —^ B — comonad. 

(2) Given P : B < ^ C : Q another adjunction where C is a Grothendieck category 

and P, Q are continuous functors. Then, we have the following composition 


[PSQ] o [SST] = [PSSTQ], 

where [P Q] : B — comonad —C — comonad and [PS* H TQ] : A — comonad 
C — comonad are functors defined as above. 


Proof. (1) We only show that 

S^T = $ : P = SFT —^ F = SF'T 

is a morphism of comonads where (P, S, and (F', S', are comonads in A. We have 

C o S^f o $ = C o S^f o S<hr = C ° “S' o <f)j = C ° 

which shows that the second diagram in equation (12.4^ commutes. On the other hand, we 
have 


SP'rjp^T o SSf o S^T = S (^F'rjp^ o S' o 

= S [p'rjF' o p($) o hj , by (|2.4p 
= S (^F'pf' o F'^ o o s'^^, by ([23]) 

= S (^F'{r]F' o $) o <f)i? o 

= S (^F'TS^ o F'pf o ° S^ , 77- is natural 

= S (^F'TS^ o ^fsf o FrjF o S^ , <h_ is natural 
= SF'TS^f ° S^fsft ° SFrjFT ° SSf 
= q{S^t) ° SFrjFT ° SSt- 

Thus the hrst diagram in equation fl2.4l) commutes for P, P' and $ = S^t- 
(2) Straightforward. 


□ 
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Using Definition 12.31 one can adapt the formalism introduced in [2l] (see also [27j) for 
monads in arbitrary 2-category, to the setting of Grothendieck categories as follows: First, 
using m Lemma 5.1], we obtain a 2-category constructed by the following data: 

• Objects (0-cells)\ All Grothendieck categories. 

• 1-cells: An 1-cell from to ^ is a continuous functor F : A B. 

• 2-cells: Natural transformations. 

Associated to this 2-category, we construct, as in [21], the right Eilenberg-Moore 2-category 
of comonads: 

• Objects (O-cells): They are pairs {F,6A ■ consisting of a Grothendieck category A 
and a comonad F = {F,6A) in ^ such that F : A ^ A is a. continuous functor (i.e., F 
is an object of the category A — comonad of Definition 12.dh . 

• l-ce//s: An 1-cell from (G : B) to {F : A) (here G = (G, D, 7 ) G — comonad), is a 
pair (S', s) consisting of a continuous functor S : A ^ B, and a natural transformation 
s : SF —> GS satisfying the commutativity of the following two diagrams 


( 2 . 6 ) 


SF - ‘-^GS 

Jg Js 

I i 

F S, 


SF -^-- GS -^-- G^S 



SF^ -- GSF 


The identity 1-cell for a given object {F : A) is provided by {idj_,idF{-))- 
• 2-cells: Given (S', s) and (S",s') two 1-cells from (G : B) to {F : A), a 2-cell (S', s) —> 
(S", s') is a natural transformation a : SF —>■ S" turning commutative the following 
diagram 

(2.7) SF 

SF^ 

The category constructed by all 1 and 2-cells from (G : B) to {F : A) will be denoted by 
F^G- The laws composition are given as follows. Let (S', s), (S",s'), and (S'",s") be three 
1-cells from (G : B) to {F : A) with 2-cells a : (S', s) —>• (S", s') and a' : {S', , s') — ^ (S'",, s"). 
Then 


ss 


SF^ 


Sp 


GSF 


I 


dip 


S'F- 


GS'. 


(2.8) a'o a = a' o cKi? o S5, where F = {F,5,^). 

Given (P, p) and (P', p') two 1-cells from {H : C) to (G : B), together with 2-cells a : 
(S', s) —^ (S", s') and jd : (P, p) —> (P', p'), the vertical composition is given by 

(2.9) (P, s). (P, p) = {PS, P 5 o Ps), and (P', s'). (P', p') = {P'S', p^, o P's') 
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The horizontal composition a . (3 : {PS, o Ps) —>• {P'S', p'^/ o P's') is dehned by 
(2.10) PSP > PSF^ - — PGSF -——- PGS' 

~ ^ / 3 |./ 

~ ~ ~ ^ P'S' 


Associated to an 1-cell {S, s) G fQg, there is a functor connecting the universal cogen¬ 
erators. Namely, there is an additive functor 


( 2 . 11 ) 


8 : A'" -► B°, 


sending 

{{X,d^)^{S{X),sx o Sd^)), (/ 

which clearly turns commutative the following diagram 


( 2 . 12 ) 


SP 




SG 


B 


S{f)), 


As in the case of an arbitrary 2-category [21], one can substitute the above 2-cells 
(reduced forms) by the unreduced forms, that is, natural transformations of the form 
a : SF —>• GS' satisfying adequate conditions. The bijection between reduced forms 
and unreduced forms established in [21] for monads in 2-category, is interpreted in our 
setting by the forthcoming proposition whose proof is based upon the following. Recall 
that an object V of an additive category Q with direct sums and cokernels, is said to be a 
subgenerator, if every object of ^ is a sub-object of a R-generated one. 


Lemma 2.5. Let A be a Grothendieck category and {F, 5, be an object of the category A— 
comonad. Then A^ is an additive category with direct sums and cokernels. Furthermore, 
if U is a generator of A then {F{U),Su) is a subgenerator of A^. 


Proof. It is immediate since F preserves direct sums and cokernels. 


□ 


Proposition 2.6. Let A and B be two Grothendieck categories, and F = {F,5,f) G 
.A — comonad, G= {G,Vt,'^) G — comonad. Gonsidering {S,s) and {S', s') two 2-cells from 
{G ; B) to {F ; .4.), with the associated functors §,§' : A^ B^ as in equation (I2.1ip . 
then the natural transformations Nat{8,S') form a set. Moreover, there is a bijection 

Hom,ee((5,s), {S',s')) ^ Nat{S,S'), 


explicitly given by 
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where for every object {X, d^) G , olx = olx o Sd^ : S{X) —> S"(X). 


Proof. We first prove that Nat{§, S') is a set. To do this, we follow the proof of (TUI Lemma 
5.1]. Let a, /3 : S —S' two natural transformations and U a generator of A. So {F{U) ) ^u) 
is a sub-generator of A^, by Lemma 1^31 We claim that if cx.(^p^u'j^Su) = (^{f{u),Su) then 
ex = (3. Considering any object (X, d^) of A^ with an epimorphism tt : —>■ X —> 0 in 

A, for some set /, we obtain a diagram 

F{U^P) ^ F(X)-^ 0 

X 


of morphisms of A^. Since = (3 we have 

^ ,^f(c/)(L^^ = ^q:(j7’(x), 5^) —/3(i7’(x),5jf) j S(7r) = 0. 

By hypothesis, Lemma [2.51 and diagram 02.121) . we know that S preserves epimorphisms. 
Therefore, (X(^f{x),Sx) = f^{F{x),Sx)^ epimorphism. This implies that 

S'(d^) o ((X(x,d^) - /3(x,d^)) = {^(f(x),5x) - P{F{x),Sx)) ° = 0- 

Applying the functor S'^ and using the diagram 02.121) for {S', s'), we get 


S'S^id^) o S'^{ce^x,d-)-(3^x,d-)) = 0. 


Composing with the map S'{fx), we obtain that S"^ (cx(^x,d^) ~ /3(x,d^)) = 0 in B, that 
is, (X(^x,d^) = f^{x,d^) this proves the claim. 

For the stated bijection, we only prove that the mutually inverse maps are well defined. 
Starting with a 2-cell a : SF —>• S', and taking an arbitrary object (X, d^) G A^, we need 
to demonstrate that exx = xx ° is a morphism of the category , so 

dP o ax o Sd^ = s'j^ o S'd^ o ax o Sd^ 

= o aF(x) ° SFd^ o Sd^ 


= ° «E(A) o o Sd^, by (Q 

= Gax o Sf{x) ° S6x o Sd^, by 02.7p 


= Gax o SFix) o SFd^ o Sd^ 

= Gax ° GSd^ o Sx o Sd^, s_ is natural 


= G{ax o Sd^) o 


Obviously ex_ is natural. Conversely, starting with a natural transformation (3 : S ^ S', 
its image is the natural transformation (3 : SF —>■ S' defined in every object y G ^ by 
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I3y = S'^Y o (^TP(Y)'^ we need to show that f3 satishes the 2-cell condition. In one hand, 
we have 


G(3y o ^f(y) ^ SSy — 


On the other hand, we have 


GS'^y G/SrpF(Y) ° ^F(Y) ° S6y 

GS'^y o G/3tf^y) ° 

GS'^y ° o f3j^F^Y)) (dTP{Y) satishes fl2.3p 

GS'iY ° ^F(Y) ° S Sy o /3 tF{Y) 

GS'^y ° ^'f{y) ° fdTP{F{Y)) ° S5y, /3_ is natural 
Sy o S'F^y ° fdTP(F(Y)) ° S5y, s'_ is natural 
Sy o f3j^F(Y) o SF^y ° S6y, /3_ is natural 
Sy o /3yF(y). 


Sy O /^^(y) O S6y 


Therefore, GI3y o Si7’(y) o S'5y = Sy 
the needed condition. 


— Sy O S ^p(Y) o PtFi^pi^y)) ° 'S'^y 
= Sy ° S'^F{Y) ° S' 5y o fdpF^Y) 

= Sy o /3pF(^Y)- 

° (^F{Y) ° >S'5y, for every object Y E A, and this gives 

□ 


3. Comonads and corings over rings with logal units 

We will consider rings without identity although we assume that a set of identities is 
given. Following [1] (see also [2] and m) a K-module A is said to be a ring with local units 
if for every Ui, • • ■ , in A, there exists an idempotent element e G Idemp(A) (the set of 
all idempotent elements) such that 

OiC = eoi = Oj, z = l,---,n. 

We say that e is a unity for the set {ui, • • ■ , a„}. This is equivalent to say that for every 
a, a' G A, there exists a ring with identity of the form A^ = eAe for some idempotent 
element e E A such that a, a' E A^. For instance, every induced ring from a K-additive 
small category is a ring with local units, in such case it is a ring with enough orthogonal 
idempotents, see [H] and pT] . 

For any right j4-module X (i.e., a K-module X with associative K-linear right ^d-action 
fix ■ X A ^ X)^ XA denotes the right A-submodule 
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A morphism between two rings with local units is a morphism of rings t/; : B ^ A 
(i.e., compatible with multiplications) satisfying the following condition: For every a E A, 
there exists / G Idemp(i3) such that a'lplf) = = a. Observe that this condition 

is equivalent to say that for every e G Idemp(A), there exists / G Idemp(i?) such that 
e'0(/) = 'ip{f)e = e. 

The construction of the usual tensor product over rings with identity can be directly 
transferred to rings with local units, and the most useful properties of this product are 
preserved. We use the same symbol — — to denote the tensor product between A- 

modules and A-linear morphisms for any ring with local units A. 

Let A be a ring with local units, and e G Idemp(A). The underlying K-module of the 
right A-module eA is a direct summand of A with decomposition A = eA©(a —ea| a G A). 
Associated to eA there are two K-linear natural transformations 


(3.13) 7e,x : X -^ eA X, '■ eA X -^ X 

X I-^ e ® A X ea <^a x i-^ eax, 


for every right A-module X. Moreover, if X is an (A, i?)-bimodule {B is another ring with 
local units), then ^f,,x and are clearly right S-linear. Taking e' G Idemp(A) another 
idempotent and / : eA —»• e'A a right A-linear map, there are two commutative diagrams 


(3.14) 


X 

X 


eA ©A X 

f®AX 

e'A X, 


eA ©A W 

e'A ®A X 


X 

X 


where \f(e) : X —> X is the left multiplication by /(e), and X any right A-module. 
Following pp, there is a partial ordering on Idemp(A) defined by 

^ ' y V f f 

e < e e = ee = e e 


for every e, e' G Hemp (A). Taking Xa any right A-module, and e, e' G Hemp (A) such that 
e < e', we can define a canonical injection ^ee' : Xe —>■ Xe', /ig : Xe —> X. Furthermore, 
if e < e' < e", then it is clear that /igg» = /Ug/g" o ^gg/, thus {(Xe,/rg)}ggidemp(A) is a 
directed system of K-submodule of X. In this way it is obvious that ^A = lim(Ae) and 
Aa = lim(eA) 

A right A-module X is said to be unital if XA = X (or X = X ©^ A as right A- 
module, where the isomorphism should be given by the right A-action). Equivalently, for 
every element m G M, there exists e G Hemp (A) such that me = m. We denote by XIa 
the full subcategory of the category of right A-modules whose objects are all unital right 
A-modules. An easy argument shows that XA is the largest unital right A-submodule of 
the right A-module X. On the other hand, a right A-module X is unital if and only if 
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lim(Xe) = X in the category of K-modules. Given B another ring with local units, an 
unital {B, A)-bimodule is a {B, v4)~biniodule which is unital as a left -B-module and as a 
right A-module. Over the same ring, an A-bimodule X is unital if and only if for every 
X E X, there exists e G Idemp(74) such that ex = xe = x. In this way a morphism of 
rings with local units ijj : B ^ A induces a structure of an unital 5-bimodule over A, and 
preserves the usual adjunction between the categories of unital right modules 

— G>_b ^ : XIB < ^ XIa ■ O. 

The dehnition of corings over rings with identity as it was introduced in [2H] can be 
directly extended, using unital bimodules, to rings with local units. Let A be a ring with 
local units, an A-coring is a three-tuple (C, A^;, Sir) consisting of an unital A-bimodule €. 
and two A-bilinear maps 

€ -^ C (8)a c:, (t -^ A 

such that (Ac ®^ o A^ = (C A,r) o Ac and (e^ (g)^ (L) o A^ = (C (g)^ £c) ° Ag; = C. 
A morphism of A-corings is an A-bilinear map (p : € ^ which satishes o (p = and 
Ag;/ o (p = [p p) o Ag;. We denote by A — coring the category of all A-corings and their 
morphisms. 

A right C-comodule is a pair (M, pm) consisting of an unital right A-module M and a 
right A-linear map pm ■ M M^a^, called right C-coaction, such that Ag;) o pj^ = 

{Pm G)a ° Pm and (M eg;) o pj^ = M. A morphism of right C-comodules is a right 
AAinear map f : M ^ M' satisfying pM' ° f = {f <i) o Pm- Right C-comodules and 
their morphisms form a not necessarily abelian category which we denote by AT^ (see [TTl 
Section 1]). For every unital right A-module X the pair (A (£:, A Ag;) is clearly 
a right C-comodule. This establishes in fact a functor — 0^ €: A4a ^ Xi'^ with the 
forgetful functor f/g;: Xi'^ ^ Xi a as a left adjoint (see [21] )• 

Example 3.1. Of course every ring with local units A is trivially an A-coring with co¬ 
multiplication the isomorphism A = A A and counit the identity map A. 

(1) [28]. Let -0 : 5 —> A be a morphism of rings with local units and consider the unital 
A-bimodule A 0^ A with the following two maps 

A:A0bA -^(A0bA)0a(A0bA), e\A®BA - ^A 

a®Bo!^ - ^ a®B e<^Ae®B a', a®Ba'^ -^ aa', 

where e G '!/'(Idemp(5)) such that ea = ae = a and a'e = ea' = a'; that is, e is a 
unity for both a and a'. To check that A{a ®b o,') is independent of the choice of 
the unity, let us consider another unity e' G 'i/'(Idemp(5)) for both a and a'. By 
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definition there exists e" G '0(ldenip(i?)) a unity for e and e'. Of course e” is also 
a unity for both a and a'. Now, we have 


since e = ee" = e"e 


a®B d' = a ee" <^A e"e a', 

= ae®B e" ® a e" ®b ea' 

= a®B e" ®Ae" ®B o!. 

Similarly, we get a®B e' ®a e' ®b cl' = a®B e" e" ®b cl', and so A{a®B a') is 
independent from the choice of e. An easy verihcation shows now that {A®bA, A, e) 
is an A-coring. 

(2) Let M be an unital A-bimodule over a ring with local units A. Consider the direct 
sum of an A-bimodules (t := A ® M together with the A-bilinear maps 


A:€ 

(a, m) 


(t®A^ 


(a, 0) (e, 0) + (0, m) ®a (e, 0) 

+ (e,0) (0,m) 


e : € — 

(a, m) \- 


A 
- a 


where e G Idemp(A) such that em = me = m and ea = ae = a. Let us check that 
A is a well dehned map. First we observe that a common unity for a and m does 
always exist. If e' G Hemp (A) is another unity for a and m, then one can consider 
e" G Hemp (A) a unity for e' and e. Therefore, we have 

A(a, m) = (a,0) (e,0) + (0,m) (e,0) + (e,0) (0,m) 

= (a, 0) (ee", 0) + (0, m) (ee", 0) + (e"e, 0) (0, m) 

= (a, 0)e (e", 0) + (0, m)e 0^ (e", 0) + (e", 0) 0^ e(0, m) 

= (a, 0) 0A (e", 0) + (0, m) ®a (e", 0) + (e", 0) 0^ (0, m). 

In the same way, we get (a, 0) 0 a (e", 0) + (0, m) 0a (e", 0) + (e", 0) 0 a (0, m) = 
(a, 0) 0A (e', 0) + (0, m) 0a (e', 0) + (e', 0) 0 a (0, m), and thus A(a, m) is independent 
from the choice of the unity e. The three-tuple (C, A,e) is easily proved to be an 
A-coring. 

(3) [12]. Let sSa be an unital bimodule over rings with local units A and B such that 
Sa is a hnitely generated and projective unital right module with hnite right dual 
basis {{ui,u*)}i C S x S* where E* = IIomA(E,A). That is, u = Hr 

every m G E. It is well known that E* is also an unital (A, i?)-bimodule, and thus 
E* 0B E is an unital A-bimodule. Furthermore, there exist two A-bilinear maps 


A : E* 0s E 

U* ®B U I— 


Yji U* Ui ®A U* ®B U 


e : E* 0s E 

U* ®B Ui— 


-A 

u*{u) 
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The canonical isomorphism S S* = End(Syi) implies that A is independent 
from the choice of this right dnal basis, and that (S* (8)^ S, A,£) is an A-coring. 
This coring is known as the finite comatrix coring associated to b^a- 

Example 3.2. To take a specihc example of hnite comatrix corings over rings with local 
nnits, we consider the so called finitely orthogonal Rees matrix rings extensively inves¬ 
tigated in [2]. Following [31 Example 2] (see also [2] for notions occnrring here), let R 
be a ring with identity, and A a Rees matrix ring over R with canonical decompositions 
A = Ae <^eAe gA, e G Idemp(y4) and R = eAe. If A is left-right hnitely orthogonal with 
respect to e [21 Dehnition 4.2], then one can easily prove that A is a ring with local nnits. 
On the other hand, if we take eAe^A = eA, then the associated hnite comatrix A-coring 
is given by the A-bimodnle Ae ®eAe eA, and its connit is just the above isomorphism 

Ae <^eAe eA ~ > A sending ae i^eAe ea' h-^ aea'. Therefore, we have an isomorphism 
of categories ^ via this counit (recall that the counit is always a mor¬ 

phism of corings). Since the right {Ae ®eAe eA)-comodule S is clearly a generator of 

P^Ae®,A.eA^ 

we deduce following Gabriel-Popescu’s Theorem [IS] that ^Ae^ is a faithfully 
hat module (here eAe coincides with the endomorphism ring of this comodule). Thus, 
— <^eAe ^A ■ MeAe _yVlAe(g)eAeeA establishes an equivalence of categories by using the non 
unital version of the generalized Descent Theorem [121 Theorem 3.10]. In conclusion, A is 
Morita equivalent to eAe, and thus to R, which gives an alternative proof of [SI Example 
2 ]. 


From now on, we hx A, B rings with local units. Let F : AAb be a continuous 

functor (thus it also preserves inductive limits). As in the case of rings with identity [3T] . 
next we will show that F is naturally isomorphic to the tensor product functor. Another 
approach, concerning functors valued in abelian groups was given in [TS] . 

The structure of an {A, R)-bimodule over F{A) comes out by the composition map 

(3.15) A-^-- HomA(AA, A^)-HomB(F(A), F(A)) 

where : Aa Aa is the left multiplication by a G A. In the same way we get an 
(A, R)-biaction over F'^{A) = {F o ■ ■ ■ o F){A) (n-times). Therefore, one can consider the 
functor — (8)y4 F{A) : Ma ^ Mb- Now, let’s start with an arbitrary idempotent element 
e G Idemp(A), and consider the composed right R-linear map 


TeA 


(3.16) 


F(eA) 


^ eA J^(A) 
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where Te '■ eA —A is the canonical injection, and ')e,F{A) is the map dehned in equation 
fl3.13p . If we take e' G Idemp(74) another idempotent element and / : eA —>■ e'A a right 
A-linear map, then by equation 03.141) . we get a commutative diagram like this 


TeA 


F{eA) ---- eA F{A) 


F{f) 


E(Te)\^ ^^^'ye,F(A) 

F{A) 

FAm) 


F{e'A) 


T, 


F(v) 


f®AF{A) 


e'A ®A F{A) 


7e',F(A) 


F{A) 


which shows that T_ is natural over the set of right A-modules {eA}eeidemp(A)- Using 
the projections Tie : A —>• eA and the maps Fe^F(A) dehned in equation 03.13p . we can also 


construct a right S-linear map 



(3.17) 

eA (g)^ F(A)- 

©eA 

- F(eA) 


7'e,F(A)'^^ 





F(A) 



which is natural over {eA}egidemp(A) by equation 03.14p . 

Lemma 3.3. Let F : ^ M.b be a continuous functor. For every idempotent e G 

Idemp(A), we have 

TeA o ©eA = eA®^F(A), 

©eA o TeA = U(eA). 

In particular T_ extended uniquely to a natural isomorphism 

T^:F{-) -F(A), 

and F{A) becomes a left unital A-module, and thus an unital {A, B)-bimodule. 

Proof. By dehnition, the left A-action of F{A) is given by the rule 

ax = F(Aa)(x), for every pair (a, x) G A X F(A). 
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Fixing an arbitrary idempotent e G Idenip(A). So 


TeA o 0eA(ea ®A x) 


TeA o F(7re)(eax) 

TeA o ^(TTe) O F(Aea)(x) 
TeA O F(Aea)(T) 

7e,F(A) ° F{Te O Aea)(T) 
le,F(A) O F(Aea)(T) 

7e,F(A)(eax) = et^A^ax, 

ea ® A X 


for every a E A, x ^ F{A), and this shows the first equality. To check the second equality, 
take y G F{eA) and compute 


OeA o TeA{y) 


QeA O 7e,F{A) O F{Te){y) 

F{Fe) O re,F(A) (^6 A F(Xe) {y)'^ 

Fine) o (eF{Te)iy)^ 

F( 7 re) O (F(Ae) o F{T,){y)') 
F{Fe) O (^(Ae O Te){y)'^ 

F{Fe) o F{Te){y) = y. 


T_ is clearly extended to unital right A-modules of the form (Sj^j{ejA)^^^^ (J and Ij 
are sets). Since F preserves direct sums, this extension is also an isomorphism of unital 
right A-modules. By Mitchell’s Theorem [211 Theorem 4.5.2] ([211 Theorem 3.6.5]), T_ 
extends uniquely to a natural isomorphism : F{—) —^ — ®a F{A) over all unital right 
A-modules. 

We need to show that F{A) is a left unital A-module. We have seen that eF{A) = F{eA) 
for every idempotent e G Idemp(A) via T^. Since F preserves inductive limits, we get 


lim(eF(Al)) = lim(F(eyl)) = F(lim(eAl)) = F{A) 
which implies that aF{A) is left unital and this finishes the proof. 


□ 


The following lemma can be deduced from [HI 39.5]. For the sake of completeness, we 
include a detailed proof. 


Lemma 3.4. Let A, B and C he three rings with local units. We denote by TA the natural 
isomorphism of Lemma \3.‘J\ associated to the continuous functor x- 
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(a) Let Fi, F 2 : M.a M.b be two continuous funetors. Assuming that there exists a natural 
transformation E : Fi ^ F 2 , then 

(1) The morphism Ea : ^ F 2 {A) is {A, B)-bilinear. 

(2) For every unital right A-module X, we have a commutative diagram 


F,{X) --- X F,{A) 


F2{X) 


T 


F2 

X 


X^a'^a 

X ®aF2{A). 


(b) Let F : AAA ^ AAb and S : AAb ^ AAq be two continuous functors. Then we have 
'^f{-)'^bS{b) _ S{B) and the following diagram of natural transformations com¬ 

mutes 


SF{- 


'yS 

F(-) 


I 

F(-) ®BSiB) 


'Y'SF 


^F(-)®bS(S) 


- - SF{A) 

\ 

®A F{A) SiB) 


Proof, (a) (1). By definition, we only need to show that Ea is left yl-linear. For every 
element a E A, we have Ea o Fi(Aa) = F2{Xa) o Ea since S_ is natural and Aq is right 
y4-hnear. Hence Ea^ox) = oEa^x), for every pair of elements (a, x) E Ax Fi{A). 

(а) (2). Assuming that X is of the form X = eA for some idempotent element e G 
Idemp(A), we obtain 

^eA ° ^eA Ae,F2(A) ° F2(Te) ° ^eA 

= 7 e,F 2 (A) o O Fi(re), S_ is natural 

= (^cA^a'E.a^ o 7e,Fi(A) o Fi{Te), 7e- is natural 
= (cAi^aFa^ o T^\. 

For the general case we use a free presentation ®k{ekAYF) x —0 where {ek}k F 
Idemp(A), Ik are sets, and the previous case taking into account the hypothesis done over 
the stated functors. 

(б) Straightforward. □ 

It is clear that any A-coring ((£, A, e) induces, by the three-tuple ((—A, — 
e), a comonad in XIa- Now, consider (F, S, a comonad in Ma such that F : Ma AAa 
is a continuous functor. Our next goal is to prove that F{A) admits a structure of an 
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A-coring. Notice that this has been already observed in [a p. 398] (withont proofs) in 
the case of commntative rings with identity. 

We begin by introducing some convenient notations. Denote by : idj^A ~ ®a ^ 

the canonical natural isomorphism, and by : x(—) —>■ — x(^) the natural isomor¬ 

phism of Lemma 13.31 associated to the continuous functor y : M.a —^ M-a- For every 
element a & A, Xa : Aa Aa stills denoting the left multiplication by a. 

Proposition 3.5. Let A be a ring with local units, and {F, S, a comonad in At a such 
that F is a continuous functor. Then o Sa,^a) is an A-coring. 

Proof. By Lemma 13.31 F{A) admits a structure of unital A-bimodule. The maps A = 
^F(A) ° and e = fA are A-bilinear by Lemma IH^ aFl). 

By hypothesis, we have the following diagram 


F{A) 


F\A) 


F{A) ®A F{A) 


Sa 


(rl) 

^F(A) 


(r3) 

F(A)^aSa 


F^{A) 

E(1a) 

I 

F^{A) 


^ F(A) 


F{A) ®A F\A) 


'V'F 

F ( A ) 



(r4) 


F{A) ®A F{A) 

(5a®Ju(A) 

^F\A) ®aF{A) 

'^f(A)®aF{A) 

\ 

F{A) ®A F{A) ®A F{A) 


where the rectangle (rl) is commutative by equation fl2.1|] . and (r2) by the naturality 
of T^. Applying Lemma 13.41 to the natural transformation 6 : F ^ F^, we get the 
commutativity of the rectangle (r3). Lastly, Lemma 13.41 applied this time to : 

F^{—) —> F{—) 0A F{A), gives the commutativity of the rectangle (r4). Therefore, the 
total diagram is commutative; whence A is coassociative. The left counitary property is 
shown by the following diagram 


FiA) 


F^{A) 



'V'F 

F(A) 


F{A) 


"V'F 

^ A 


Sa 


F{A) ®A F{A) 

^a®aF{A) 

I 

^ A 0A F{A) 
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which is commutative by the naturality of and equation (12.11) . Now, this last equation 
together with Lemma 13)^ applied to (^ : F —> give the commutative diagram 

F{A) --- F^{A) - F{A) F{A) 

5f(A) E(A)®a?a 

I I 

F{A) - — -- F{A) 0^ hi 

which leads to the right counitary property, and this hnishes the proof. □ 



Let ^4 be a ring with local units, and (F, 5, a comonad in A4a- Consider the universal 
cogenerator of this comonad, that is, an adjunction " AIa : such that 

F = o T^, and where A4^ is the category of comodules over (F, h, ^). The functor 
is then the forgetful functor: S^{X,d^) = X, for every comodule {X,d^), and the 
functor is dehned over objects by T^{M) = {F{M),6m), for every right unital A- 
module M. Given an ^-coring (C, A,^) it is easily seen that the canonical adjunction 

^ is the universal cogenerator of the associated comonad (—0a 
C, — 0A A, — 0A s) in Af A- The following proposition compares the cogenerator of the 
comonad (F, h, with the canonical adjunction associated to the coring (F(A), o 

^A, ^a) of Proposition 13.51 

Proposition 3.6. Let A be a ring with local units, and (F, 5, a comonad in At a such 
that F is a continuous functor with the universal cogenerator : AIa < " AIa : ■ 

Considering F{A) as an A-coring with the structure of Proposition \3.A we obtain an 
isomorphism of categories 


r:M^, 


ai^(t ; n, 


such that = Uf{a) o F, and F o = — 0^ F(A) is a natural isomorphism. 
Proof. Given (A, d^) an object of At^, we get a diagram 


(3.18) 


X- 

I 

F{X) — 

'Y’F 

f 

X e)A F(X) 


(rl) 

F{d^) 


(r3) 

d^0AF{A) 


- Fix) - 

F\X) 


'Y'F 

F(X) 

y 


'Y'F 
^ X 


y'F 
^ X 


(r2) 

,2 


F(A) 0A F(A) 


(r4) 


--A0aF(A) 

X®^5a 

-- A0a F2(A) 

f 

A0aF(A) 0aF(A). 
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The rectangles (rl) and (r3) are by definition commutative. Applying Lemma [33] consecu¬ 
tively to the natural transformations h : F —>■ and F{—) F{A), we 

obtain the commutativity of rectangles (r2) and (r4) (here the natural isomorphism associ¬ 
ated to the functor F(—)®yiF(A) is see Lemma 13.df b)!. Thus, 

the whole diagram is commutative which shows the coassociativity of the map o . 
We also have another commutative diagram 


A 




F(A) 

- A 0A F{A) 


V® 4^A 


f 

X 

A 0 4 A - 




■ A. 

Therefore, (S'^(A) = X,px = o d^) is a right F(A)-comodule. Now any morphism 
f : {X,d’‘) ^ (X',d^') in the category A4^ entails a commutative diagram 


A 

I 

A' 


tL 



F(A) - 
1 


— A 0^ F(A) 

d^' 

E /) 

F(A') - 

'Y'F 

A' 

/®aE(A) 

1 

-- A' 0^ F(A) 


Hence F : 


A defined by 

r(X,d^) = (S^(X),T^ o d^), and F(/) = S^(f) 
is a well defined functor with inverse "1 : ^ Ai a defined by 

o py), and “l(^) = g. 

Clearly the underlying right A-module of F(A, d^) coincides with that of (A, d^). That is 
Uf{a) o F = . The commutative rectangles (r2) and (r4) in diagram (I3.18p assert that 

: r o F^(A) = F{F{X),6x) ®^F(A),A 0^ ° is an isomorphism 

of right F(A)-comodules, for every right unital module A G A4a, and this leads to the 
stated natural isomorphism : F o T^(—) = — 0^ F{A). □ 


Remark 3.7. Of course one can work with left unital modules, and prove similar results 
concerning functors which are right exact and preserve direct sums and the induced corings 
from their comonads. In this paper we only work with right unital modules. The left-right 
relationship is omitted. 


4. The bi-equivalenge of bigategories 

In this section we define the bicategory of corings over rings with local units in the 
same way as in |^, using general methods from [21]. Next, we establish a bi-equivalence 
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between this bicategory and the 2-category of comonads in right unital modules over rings 
with local units as it was dehned in Section [2l 


In what follows B denotes the bicategory of unital bimodules (i.e. 0-cells are all rings 
with local units, Hom-Categories are categories of unital bimodules). The multiplications 
are given by the tensor product bi-functors. Let us consider as in Section [21 the 2-category 
L whose 0-cells are all Grothendieck categories of the form A4a for some ring with focal 
units A, and whose Hom-Categories Funct(Af a, Afs) consists of continuous functors. The 
multiplications are given by the usual compositions of functors and natural transformations. 
The identity 1-cell of a given 0-cell A4a is the identity functor id^A- There is another 
bicategory which we denote by L whose class of 0-cells is the class of all rings with focal 
units, and with the same Home-Categories Funct(Af a,-A ds). Next, we formulate our 
results using the bicategory £ instead of £. 

Proposition 4.1. Keep the above notations. There exists a bi-equivalence of bicategories 
T ; £ —>• B given locally by the functors 


Ta,b : Funct(AfA,AlB)- ^ aMb 

F -- F{A) 

V- -^ Va, 

for every pair of ring with local units (H, B). 

Proof. It will be done in three steps. 

Step.l. Homomorphism of bicategories. The morphism T is the identity on the class of 
objects (£ and B have the same class of objects). Taking two rings with focal units A 
and B, the stated functor Ha,b is well dehned thanks to Lemmata 13.31 and I3.4f l). We 
need to show its compatibility with the horizontal and vertical multiplications. So let C 
be another ring with focal units and consider two morphisms: rj- : F —>■ F' in the category 
Funct(AlA 5 -Ads), and C : G* ^ G' in the category Funct(Als, Ale)- By Lemma 13^ 1 L 
the morphism 


0 


G 

F{A) 


Ta,s(B).Ts,c(G') = F{A)(^bG{B) 


Ha,c{GoF) = GF{A) 
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is A — C'-bilinear, where 


F{A) 


-1 


and T_ is the natural transformation of 


Lemma [3731 Moreover, applying Lemma [3731 we obtain the following commutative diagram 


F{A) G{B) 


qG 

^F(A) 


GF{A) 


r;A®sCs = T(»7).T(C) 


T(r;.C) = CF'(A)°G'»?A 


qG' 

F'{A) G'{B) - G'F'{A) 


This implies that := • ‘A{F).3^{G) = T(G o F) is a natural isomorphism. 

Clearly 3^{idMA) — '^dMA^^) — 7he compatibility with the associativity, left and 

right multiplications by identities 1-cell is fulhlled. Therefore, the pair (T, V) establishes a 
homomorphisms of bicategories from £ to B. 

Step. 2. Local equivalences of Horn-Categories. Given two rings with local units A and B, 
and consider the stated functor 3^a,b- Dehne the functor Sa,b ■ aA4b —^ Funct(Afn, Ale) 
acting on objects by M —> — M and on morphisms by / —>• — f. It is clear that 
gives a natural isomorphism Sa,b o 3^a,b{F) = — 0^1 F{A) = F, for any functor 
F e Funct(AlA, Afs). That is 5a,b o 3^a,b = Conversely, for any {A, B)~ 

bimodule M, we have a natural isomorphism of bimodules 3^a,b°5a,b{M) = A®aM = M. 
That is 5a,b ° 3^a,b — Therefore, IF- - are equivalences of Hom-Categories. 

Step. 3. Surjectivity up to equivalences. It is immediate since £ and B have the same 
class of objects which are not altered by F. □ 


Remark 4.2. As was pointed by the referee there is an alternative proof of Proposition 
14.1! which uses results from [20]. There, hrm rings (resp. hrm modules) (see Remark 15.6! 
for dehnitions) were termed regular algebras (resp. regular modules). The regularity of a 
functor F : AAa A4b ([23 Dehnition 1.5]) between categories of hrm modules over hrm 
rings A and B, means that F{A) is a hrm A — S-bimodule. Rings with local units are hrm 
rings. So by Lemma [2731 right exact and direct sums preserving functors (i.e., continuous) 
are regular. Hence Proposition 14.1! follows by [201 Proposition 2.1]. Another way to obtain 
Proposition 14.1! for rings with orthogonal idempotents, is by using the arguments done 
before [23 Section 2]. For a given ring A with a set of orthogonal idempotents (i.e., 

A = (BieiAci = ©ie/CjA), one can construct a right A-linear map ip : A ^ (BaeA^ such 
that 

A -^ ®a£A-^ -^ A 0K A 

is a section for the multiplication, where 9 is the right A-linear map induced be tensoring 
with a hxed element of A (see [2(J1 page 142]). Here ip is dehned as follows: If a G A, 
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and Cjj, • • • , the associated idempotents such that a = + • • • + we then take 

<p(a) = CijO + • • • + Cj^a. 


By A — comonad, we denote the category of all comonads in whose underlying 
functors are right exact and preserve direct sums, that is, the category of Dehnition [23] as¬ 
sociated to the Grothendieck category Af a- The following corollary is a direct consequence 
of Propositions 14.11 and I3.51 


Corollary 4.3. Let A be a ring with local units. Then the functor 

Ih : A — comonad —A — coring 


defined by 

establishes an equivalence of categories. 


[<h : F ^ F'j —^ 4)^ : F{A) F\A) ) 


The right Eilenberg-Moore bicategory associated to B is given by following corollary 
which is the non-unital version of [71 2.1] 

Corollary 4.4. The following data form a bicategory "Ji: 

• 0-cells: corings (C : A) {i.e., A is a ring with local units and €. is an A-coring). 

• 1-cells: From (2) : B) to ((£ : A) are pairs (M,m) consisting of an unital {A,B)- 
bimodule M and an A — B-bilinear map m : C 0^ M ^ M ®b'^ compatible with 
comultiplications and counits, that is, m satisfies 

(4.19) o m = (m^sD) o o = {M®bA^) ° nr, 

where the first equality is up to the isomorphism A ®a M = M ®b B. The identity 
1-cells for a given coring (C : A) is given by the pair {A, ft 0 ^ A = A ®a ^)- 

• 2-cells: From (M, m) to (M',m') are A — B-bilinear maps a : t 0 yi M ^ M' 
satisfying 

(4.20) (a0BD) o ((2:0^m) o (A^ 0^ M) = m' o ((i:0^a) o (Ae;0^M). 

Laws composition are dehned as in (7] 2.1], and given by 

(4.21) (M, m) (g) ( A, n) = 0^ A, (M 0^ n) o (m 0^ A) j 

If a ; C 0 yi M —> M' and b : S) 0 b A —> A' are 2-cells, then 

(4.22) a (g) b = (M' 0b b) o m' o (C 0 ^ a 0 b A) o (A^ 0 ^ M 0b A). 

The resulting category of all 1— and 2-cells from [D : B) to (C ; A) is denoted by 
(£: A)B(J):B)- 

Let’s keep now the notations of Section [2l Then the right Eilenberg-Moore 2-category 
associated to C is dehned as follows 








CORINGS OVER RINGS WITH LOCAL UNITS 


23 


Corollary 4.5. The following data form a 2-category C; 

• O-cells; They are pairs {F : A), that is, F = {F, 6, f,) & A — comonad where A is a ring 
with local units (i.e., F is a continuous functor). 

• l-cells; From {G : B) to {F ■. A) is a pair {S, s) consisting of a continuous functor 
S : Ma ^ Mb and a natural transformation s : SF —>• GS satisfying the commutativity 
of diagrams in eguation fl2.6p 

• 2-cells; Given {S,s) and {S', s') two 1-cells from {G : B) to {F : A), a 2-cell a : {S,s) —>• 
{S',s') is a natural transformation a : SF —>• S' satisfying the commutativity of diagram 
in eguation (ET]). 

The category obtained by all 1— and 2-cells from {G : B) to {F : A) is denoted by 

The following is our main result of this section. 

Theorem 4.6. There is a bi-eguivalence between the bicategory 3^ of corings over rings 
with locals units ( Corollary \4.4\ ), and the bicategory C whose objects are comonads with con¬ 
tinuous underlying functors over right unital modules (Corollary \4.5{ ). This bi-eguivalence 
is locally induced by the functors defined by 

3^ {F,G) ■ (F:A)G(G:B) -^ (F(A): A)^(G(B)-. B) 

[a : SF ^ S'] [ua o : F(A) 0.4 .S(A) -a S'(/1)] , 

where Tl are the natural isomorphisms of Lemma \3.tA and where {F ; A) (resp. {G : B)) 
is sent to {F{A) : A) (resp. to {G{B) : B)) is the coring constructed in Proposition AS.A 

Proof. It is a consequence of Proposition 14. II and [211 Remark 1.1], □ 

Remark 4.7. If we want to study any aspect in the right Eilenberg-Moore bicategory fk, 
then it is convenient, using the local equivalences stated in Theorem 14.61 to transfer 
this study to the 2-category C. The local equivalences in the other direction are given by 
the functors 


dehned by 


S(c,x>) : (e::A)3^(X):R) 


(F: A)C(G:B) 
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where F (resp. G) is the comonad induced by the coring (C : A) (resp. by (D : B)). These 
local equivalences are not in fact given by [2ll Remark 1.1], Their construction was given 
separately using direct computations. 


5. Base ring extension of a coring by an adjunction 

In this section we apply results from Sections [2] and [HI to extend the notion of base ring 
extension of a coring by a (hnitely generated and projective) module, introduced in [7], to 
the case of rings with local units. This will give a new class of corings over rings with local 
units which includes some inhnite comatrix corings |13j . 


The following proposition characterizes an adjunction between right unital modules with 
continuous functors (i.e. right exact and direct sums preserving functors). 

Proposition 5.1. Let A and B he two rings with local units. The following statements 
are eguivalent. 

(i) There is an adjunction S : A4 b < ^ A4a ■ T with S left adjoint to T, and such 

that S, T are continuous functors. 

(a) There is an unital {B, A)-bimodule S such that hT, is finitely generated and projec¬ 
tive unital right A-module, for every h G Idemp(R). 

Proof, iii) ^ (z). We denote by Tf = y4Hom^(S,R)R the unital right dual of S. The 
bi-actions are dehned as follows: For a E A, b E B, and y G El, we have 

{a.x){x) = axix), (y.6)(x) = xibx), VxgE. 

This is clearly the unital part of the (R, R)-bimodule Hom^(E,y4). The unit of the ad¬ 
junction is given by 

(5.23) VYs ■ y -- El 

y I-^ Er=l y ®A {u* O TT/j) 

where h G Idemp(R) such that yh = y, and {(uj, u*)}i<i<„^ <Z hT> x Hom^(hE,y4) is the 
hnite right dual basis for hE, and tt/i : E —hE is the canonical projection. We denote by 
V* the composition 
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We claim that r]Yg{yb) = r]Yg{y)b, for every b & B such that b = hb = bh. We have 


nh 

E 

2=1 


rih 


yb Ui {u* OTTh) = '^y<^B bUi ®A {u* O TTft) 

2=1 

nh rih 

= EE y ®B Ui' ®A U*,{bUi){u* O Tlh) 
i=l i'=l 

nh / nh 

= ^ ® A ^ U*, (bUi) {U* O TTh) 


i'=l \i=l 

nh ( ( 

^y^B Ui' (g)A '^U*,{bUi)Ui I O TVh 


i'=l 

rih 


. 2=1 


'^y®B Ui' (g)^ {{u*,b) O TTh) 
i'=l 
nh 

y ®BUi' <^A {u*, o 7Th)b, since b = bh = hb, 


i'=l 


and this proves the claim. Next, we prove that r]Yg is independent from the choice of h. 
So, let’s fix an arbitrary element y eY and let h' G Idemp(i?) be another unity for y (i.e., 
yh' = y = yh). We consider as before {{xj, 'W^j)}i<j<n^, C h'S x S'! the induced set by the 
dual basis {{xj,x*)}i<j<nf^, of h'S, where w* = x* o TTh'. Henceforth, its remains to prove 
that 


nh ^h' 

'^y®BUi ®A V* = '^y ®B Xj W*. 
i=l j=l 

So, let h" G Idemp(i?) such that h = hh" = h''h and h' = h'h" = h''h', and consider again 
its corresponding set {{zk,th)}i<k<nyi C /i"E x S'!, where otih"- Using elementary 

arguments, one can directly check that 


v* = {v* oTh").h" and w* = 


{w*oTh").h", for every pair (i, j) G {1, • • ■ ,n,j}x{l, • • ■ ,nh'}, 
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where r^// : /i"S —>■ E is the canonical injection. On the other hand, we have ° 

'Th"){zk)t* = (v* o Thii).h" . Taking all these eqnalities into acconnt, we compnte 


nh 


nh 


Ui (V* O Th»)h” 
i 

nh.nyi 

= y®BUi®A {v* O Th'i){Zk)tl 


i,k 

’n-h" 


nh 


'^Ui{v* O Th"){Zk) ®Atl 


k 

nh" 


nh 


^y®B '^i'^iihZk) ®A Zk^ h"S 


k 

nh" 


nh" 


^y ®B hZk®Atl = ^y ^B Zk®At*k- 


Similar compntation entails the eqnality 


nh' n^N 

'^y®BXj®AW* = y^^y®B Zk ®A t*k, 
j k 

and this proves the desired independence. Therefore, yrg is a well dehned right S-linear 
map, for every right nnital 5-module Y. Clearly, r]_ : idMBi~) — ^ E E^ is a 

natural transformation. The counit is given by 


(6.24) 


Cxa • ^ Ei E-^ X 


X®a^®BU^ 


X(p{u). 


Lastly, one can easily show that 

(Cx ®A si) O r]x(S)A^^ = X ®A si, and Cv®bS o {vy ®b^) =Y ®b S, 

for every pair of nnital modules {Yb,Xa) which implies the desired adjunction taking 
S{—) = — S and T{—) = — ®a Si. 

(i) (ii). By Lemma iTBl we know that bS{B)a and aT{A)b are nnital bimodules, 

and that S{—) = — ®b S{B), T{—) = — 0^1 T{A) are natural isomorphisms. Taking 
bSa = S{B), and h G Idemp(5), we deduce that hS = hS{B) = hB ®b S{B) = S{hB) 
is a right A-linear isomorphism. Henceforth, it remains to show that S{hB) is a hnitely 
generated and projective module, for every h G Idemp(5). So, the natural isomorphism of 
the stated adjunction gives us the following chain of natural isomorphisms 


HomA(^(h 5 ),-) ^ }lomB{hB,T{-)) ^T{-)h^-®AT{A)h, 
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for every h G Idemp(i?). That is, the functor }lomA{S {hB), —) preserves inductive limits, 
and so S{hB) is a finitely generated and projective A-module for every h G Idemp(i?). □ 

Remark 5.2. Considering S an unital (S, v4)~bimodule, we can easily check, using the 
partial ordering on idempotent elements, that lim/i(hS) = S as right unital ^-modules. 
In fact {hJ2}h£idemp{B) is a split direct system of right unital ^d-module (see [221 Section 1]). 
If we assume that S satisfies condition (ii) of Proposition [5lll then is locally projective 
in the sense of [3|, equivalently, it is strongly locally projective in the sense of [291 Theorem 
2.17]. 

Remark 5.3. Let A, B, and C be rings with local units. Consider S (respectively W) 
an unital {B, Aj-bimodule (respectively (C, S)-bimodule) such that hS (respectively gW) 
is hnitely generated and projective unital right 7l-module (respectively S-module), for 
every h G Idemp(i?) (respectively g G Idemp(C)). Then W S is an unital {C^A)- 
bimodule such that g{W E) is hnitely generated and projective unital right A-module, 
for every g G Idemp(C'). Furthermore, if we put E^ = 74IIom^(E, v4)i? (respectively 
VFt = SHomB(IF,5)C'), then 

(5.25) {W = AAomAiW ®b^,A)C ^ E^ IF^ 

is an isomorphism of unital (A, Cj-bimodules. Effectively, let g G Idemp(C') any idempo¬ 
tent element, so there exists an unital right S-module N such that 

n 

gW ® N =^hiB 

i=l 

where each hi G Idemp(i?). Applying the tensor product — ®b we obtain 

n 

{gW ®B S) © {N ®B S) = 0(h,E) 

i=l 

an isomorphism of unital right A-modules. Since the right hand module is a hnitely 
generated and projective A-module, we get that gW E is also hnitely generated and 
projective as an A-module, and this proves the hrst claim. Now, using the adjunctions 
arising from the proof of Proposition 15.II and the usual Horn-Tensor adjunction, we get the 
isomorphism of equation fl5.25p . 

It is convenient to adopt the notations of the proof of Proposition 15.11 Thus, if E is any 
(i?, A)-bimoduIe we denote by El = AHom^(E, A)B. When hE is a hnitely generated and 
projective right A-module, for some h G Idemp(i?), we consider the set {(mu ‘T 

hE X El where {(uj, u*)}i<i<nh C hE x IIom^(/iE, A) is the hnite dual basis for hE, where 
V* = u* o 7^1^ and -.Ti ^ hE is the canonical projection. 
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Corollary 5.4. Let A and B be two rings with local units together with an unital {B,A)- 
bimodule S and a B-coring (S), A 55 , £ 55 ). Assume that hH is finitely generated and projec¬ 
tive module for every h G Idemp(-B). Then the unital A-bimodule 0 ^ 2) ( 8)5 S admits 
the structure of an A-coring with comultiplication defined by 

A : 05 D ( 8 )s S —^ 0 b D 0s S 0 a 0 b S 0 b S 

<P®B d®BU I-^ ^ ip 0B d(l) ®BUi®A V* 0B ^(2) 0B U, 

i,{d) 

where {{ui,v*)}i C /lE x is the finite set induced by the dual basis of hT,, where h G 
Idemp(-B) such that ph = p, hu = u, d = hd = dh, and where A'X}{d) = J2{d) ^( 2 )- 

The counit is defined by 

e : E^ 0B 25 0B E —^ A, {p ®b d®BU i—(p(ej)(d)M)). 

Proof. By Proposition 15.11 we know that — ®b ^ ■ Mb ^ Ma is left adjoint to — 0 a El : 
Ma Mb with unit rj_ : id^ij^i—) ^ — 0 b E 0a E^ and counit (_ : — 0a E^ 0 b E — 
idMA{~) given explicitly by equations (15.231) and (I5.24p . Applying Lemma lAlT l) to the 
comonad (— 0 b 25, — 0 b Aj), — 0 b £x)) in Mb-, we obtain a new comonad (G, hi, 7 ) in AAa 
with 

G = -0aE10b25 0 bE 

0 B 25 j o (^- 0aE1 0b Aj, 0b E j 

7- = C- ° (^ - 0b ®B sj 

Now, Proposition 13.51 implies that G{A) admits the structure of an A-coring. Since G{A) = 
Et 0 b25 0B E is obviously an isomorphism of unital A-bimodules, this structure can be 
transferred to E^ 0 b 25 0 b E with comultiplication and counit computed explicitly from 
the maps Ha and 7 a. This, in fact, leads exactly to the stated structure. □ 

Recently, in [12] and [2] new generalizations of infinite comatrix corings, earlier intro¬ 
duced in [13], were given in the context of non-unital (firm) rings. The following example 
gives another way to construct infinite comatrix corings by using Corollary 15.4[ 

Example 5.5. Assume that A is a ring with identity 1a, and denote by add{AA) the full 
subcategory of all finitely generated and projective unital right A-modules. Consider a 
K-additive small category A and its induced ring with enough orthogonal idempotents 
B = ©(p^q)eA2ffomA(p, q); These are {IpjpeA C B, where each of the Ip’s is the image 
of the identity lEnd^(p). Given an additive faithful functor a; : A —>■ add{AA), we get 
an unital (R, A)-bimodule E = ©peA‘^(p)- It is clear that IpE = a;(p), for every object 
p G A. Therefore, /lE is a finitely generated and projective right A-module, for every 











CORINGS OVER RINGS WITH LOCAL UNITS 


29 


h G Idemp(i?). Finally, considering B as a. trivial S-coring, we obtain by Corollary 15.41 an 
A-coring = where = ©pg_ 4 Hom^(ti;(p), A). 

Remark 5.6. Rings with local units are in fact a sub-class of hrm rings. Recall that an 
associative ring R is hrm if the multiplication R R ^ R is an isomorphism. Unital 
modules are extended to hrm modules, i.e. a right R-module M with action M®rR M 
an isomorphism of right R-modules. The results of this paper can be extended to this 
class of rings by using the categorical version of Lemmata 13.41 and 13.31 stated in [HI 39.3, 
39.5] with hrm base rings. The fact that right exact and direct sums preserving functors 
between hrm modules are naturally isomorphism to the tensor product functors, has been 
recently proved by J. Vercruysse in [301 Theorem 3.1] (see also [20l Proposition 1.6]). A 
characterization of an adjunction whose both functors are right exact and preserve direct 
sums (as in Proposition |5.1|) was extended to the case of hrm modules in m Theorem 
2.4]. 
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